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A modified version of Chandrasekhar’s equation is derived with the aid of Karman’s energy
transfer process for the decay of hydromagnetic turbulence in the limiting case of zero viscosity
and infinite electrical conductivity. It is found that the asymptotic behaviour of self-preserving
solutions of the aforesaid equations leads to F (k, t)~ k4, (c=2/7), G(k, t)~ kS, (c=2/9) as k—0

and F(k,t)~ k=53, G(k, t)~ k=53 for k—co.

L. Introduction

There is an increasing interest in the field of
hydromagnetic turbulence, largely due to its
abundant applications in Geophysics and Astro-
physics.

An important development in"this context is due
to Batchelor [1]. According to him, magnetic energy
behaves like the energy which is embedded in the
vorticity of eddy turbulence. In this context, it is
worthwhile to mention that hydromagnetic prob-
lems pertaining to turbulent flow were first studied
in detail by Chandrasekhar [2, 3, 4] with the use of
different order gauze invariant skew isotropic
tensors and vector calculus. Like eddy turbulence,
deeper analysis of hydromagnetic turbulence also
requires the removal of indeterminacy. In this
paper, an attempt is made to effect with elementary
tools of operation such a removal of indeterminacy.
Certain modifications of Chandrasekhar’s hydro-
magnetic equation [3] are made by use of a form
of the magnetic spectrum G (k, t) analogous to the
eddy spectrum introduced by Karman [5]. This is
analyzed for the limiting case of zero viscosity and
infinite electrical conductivity. In Section II, a
certain generalization of Heisenberg’s decay equa-
tion of the energy spectrum [6] pertaining to eddy
turbulence is mentioned.

This generalization is firstly due to Karman [5].
Incidentally, Heisenberg [6] suggested similar
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solutions of equations in the form
1

F(lt) ~ RV (ta)

Sen [7] pointed out that (1a) gives one of a whole

bunch of similar solutions and in fact, the bunch

can be visualized in the form

1 t\N2 Tk (t\
Fekodte? (T) / k—(r)] (1D)

where ¢ is restricted to values < 2/3.

When ¢=1/2, (1b) reduces to the form (1a) given
by Heisenberg [6]. But (1b) has got an additional
interest in as much as (1b) for ¢=2/7 gives the
required asymptotic behaviour

F(k,t) ~ k4, k-0, 2)

F(k,t) ~

due to Lin [8], Batchelor [9] and Obukhov [10] and
Karman’s [5] spectrum

F(k,t) ~ k53, k—>oo. 3)

It is to be mentioned that the decay equation of
Heisenberg or that of Karman can be abandoned
in favour of another form with the use of Million-
shchtikov’s quasi-normality hypothesis [11]. This
has been worked out first by Reid and Proudman
[12] and subsequently generalised by Ghosh [13].

Here an attempt has been made to study the
hydromagnetic field as suggested by Ghosh [14] for
the eddy turbulence.

II. Mathematical Formulation

The relevant hydromagnetic equations derived
by Chandrasekhar are given by
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In view of the modifications suggested here, these become

and
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where F(k,t) and G(k,t) denote the spectrum functions of the turbulent fluid and turbulent
magnetic field, respectively. In Egs. (5a) and (5b) x is the magnetic permeability, o the electrical
conductivity, » the kinematic viscosity, 2 the magnetic diffusivity and £ a constant, while A=}nuoc
and dimensional analysis requires

a+a' =3 and g+ =1%. (6)
The decay equation can be obtained from Egs. (5a) and (5b) as

1
- 55 j [F(k,t) + G, )] dk =k fdk' {(F3/2-o (k' t) k'1/2-F + G3/2-a (', t) k'1/2-B}

X j (P (k" ) k'8 + Ge (k" t) k''6} dk'" + j Ak’ (K2 F (K, t) + AK2G (K, )} . (T)
k 0

a) Self-preserving Solution of the Hydromagnetic Decay Equation

We introduce the self-preserving solutions of Eq. (7) in a very general form as
1 u4(7) Sp+1

PO =gt~ o

f(A8) (8a)
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and
1 u?’ (1) Sp'+1

G(k, t) = k2 k03t02 % tf’

g(Z8), (8Db)

where ko, to, k, p, p’, ¢, ¢, r and 1’ are all constants, S = S(7), 7 = t[to and 1 = k/ko.
Obviously, F (k, t) and G (k, t) satisfy the equation
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where v ko2tg = 1/R, A ko2to = 1/R,, and (k[ko) S = x.

Let us consider the state of motion when dissipation of energy either by viscosity in the form of
molecular motion or by conductivity in the form of Joule heat is negligible and transfer of energy by
inertial forces is the dominant process. Under the above assumptions, when both eddy Reynolds
number R and magnetic Reynolds number R, are large enough, Eq. (9) reduces to the form

S» Zz Sr i 5 T Sr
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Here the conditions of similarity will be satisfied if

p=p' =2, q=¢ =0, s=u1°, r=r, (11)
and r=c¢(p—2)+2, where o is the constant of integration of the differential equation,

t8:/S=c

and c is another constant.
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Substituting the similarity conditions (11) in Eq. (10) we obtain

2(1—0)f{f(x ) +9(@)}de’ —ca{f(z) + g(x)}

ll
Ot__'u

{f3/2-2(x') 2'1/2-8 | g3/2-a(z') 2'1/2-8} Az’ T{fa(x') x'f L g (2') 2’} da’ . (12)

III. Asymptotic Behaviour of f(x) and g(x) for x — 0 and x — oo
a) Asymptotic Behaviour of f(x) and g (x) for x — 0
For x — 0, f(2’) and g(z’) may be expanded as
f@)=f@)+ @ —a)f @)+, g@)=g@)+ @ —a)g @)+,

which gives

z {312 () 23/2-8

OI FUO @) da’ ~ g (13)
and

z L gRru(x)adizs

Jx 1/2-6 g3/2-o (') da’ ~ Tﬂ)— . (14)

Differentiating Eq. (12) and using Egs. (13) and (14), we obtain after simplification
[(2— 40) Y+ex Y'[f (@) +9'(@)] — 2 —3¢) Y'[f (&) + ¢'(@)] — cx Y[f"(2) + ¢" ()]
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where Y = [f3/2-%(x) 21/2-6 4 g3/2-a () x1/2-6] and [’ (x) = df/dz, g’ (x) = dg/dx ete. If we substitute
flxy~4dar, A+0, z—0 and ¢g(x) ~ Ba"', B=+0, -0,
in Eq. (15), one finds
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In order to find the energy spectrum we consider
the following cases:

a) When n<<n', the first term in Eq. (16) is
significant. Therefore, equating the coefficients of
z(58-1)/2-na=F to zero, we get two values of » as

= 2—3¢ ’ (17)
c
ng = ?—I?_% : (18)
As z —0, f(z) ~ Ax@-30/c for which
F (k,t) ~ constant - k2-30/c for k—0,
and it is to be noted that
F (k,t) ~ constant - k4 for c¢=2/7,

which was obtained by Sen [7] in absence of
magnetic field.
On the other hand, ns >0 has two possibilities:

@ «a>% f<t () a<i, f>1.

But for the case (i), F(k,t) begins with K4 for
k — 0 provided 4o+ f<5/2, and if

4o+ f>5/2, f(x) ~ constant -z,

(ng<<4) as x — 0. But for the case (ii) one obtains

the reverse result and Karman’s condition [5] is
applicable only for the first case.
(b) If n’ <, then proceeding in a manner similar
to the case (a), we get
, 2—3c
n =
c
i meabet § 0
and ng' =75~ for z-0,
where ¢ < %.
When
, 2—3c
ny = )
c

G (k,t) ~ constant - k8, (k—0),

(Chandrasekhar [2]) with ¢=2/g and |AZ| behaves
like |w2| (Batchelor [1]).

The behaviour of 7y’ will be the same as in
case a).

b) Asymptotic Behaviour of f(x) and g(x) for x — oo

In order to obtain the behaviour of f(x) and ¢ ()
for x — oo, we substitute f(z') = e~*) and

735

g(x’) = e~ 2@ in Eq. (12) and then, following the
Heisenberg’s methods of approximation, we get

(2 —30)[f () + g()] — cz[f'(x) + ¢'(2)]
f*(x) 28 + g*(x) 28

z
=—2 I[f3/2—a(x:) a'1/2-B + g3/2-a(z) z'1/2-F] da’
0

4 (z) 2B+ g% () B+
== L 1@ 1 7 @)
Aritasryy Btltes o

[f3/2-% () 21/2-B + g3/2- (z) 21/2-6]
[/*(x) 2 + g*(x) 2F] ’
provided af2;'—f—1>0 and a2y’ —f—1>0.

We assume solutions of the Eq. (19) in the forms

c1+0,

(19)

f(@) ~ cxx™™, (x— o00),
and
g(x) ~ daz—', d=+0,

(x — o0),

(20)

where n and »’ are positive numbers. The Eq. (19)
becomes, by using (20):

2—3c+cn)crxm+ (2 —3c+cn')dz

1 1
) (__ o, ﬂ) ¢13/2 x(-3n+3)/2

42 (4, ) ds/2(-8n"+3)/2 (21)
1 3/2—a & p(—3n+2na—2n'a+3)/2
— F () x
1
-+ 2( ﬂ_ d3/2-a g o g(=3n'+2n'a-2n0+3)/2 — ()
where
3—3n+2na—28
4, = 3
2
3—3n" +2n'a—2
By — +2 it

M=f+1—an,
N=f+1—an'.

In order to obtain the behaviour of f(x) and g (z)
for x — oo, we consider the following cases:

(a) When n<<n’, we get n=>5/3, which leads to
F (k,t) ~ constant - k=5/3 for k— oo,
(b) if »’<m, we obtain n’' =53 giving

G(k,t) ~ constant - k=53 for k-—>oo.
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Therefore, as the small scale motion (x — oo i.e.
k — o0) [15] of the hydromagnetic turbulence is
appeared, the spectrum of both eddy turbulence and
magnetic turbulence attain the well-known —5/3
power law of Obukhov-Kolmogoroff.

(c) It is well known that the kinetic energy of the
turbulent velocity field stretches the magnetic lines
of force and thereby increases the strength of the
magnetic field till equipartition of energy is reached
between the magnetic and eddy parts of energy.
Therefore, when an equipartition between these
two forms of energy is attained, one may set n =n’,
for which Eq. (21) is replaced by

(2—3c+cn)(ct+d)xm

1 1
+2 (:‘H + M) (22)
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